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INTRODUCTION

Mathematical Reasoning is a tool for organizing evidence in a systematic way through
mathematical logic. In this unit, you will study mathematical logic, the systematic study
of the art of reasoning. In some ways, mathematics can be thought of as a theory of
logic. Logic has awide range of applications, particularly in judging the correctnessof a | |
chain of reasoning, asin mathematical proofs. ry

In the first sub-unit, Logic, you will study the following: statements and open
statements, fundamental logical connectives (or logical operatofé,), compound
propositions, properties and laws of logical connectives, contradiction and tautology,
converse, contrgpositive and quantifiers. In the second sub-unit, you' will “study
Arguments, Validity, and rules of inferences. f &Y

L1

HISTORICAL NOTE

Aristotle (384 -322B.C.)

Aristotle was one of the greatest philosophers of ancient Greece.
After studying for twenty years in Plato's Academy, he became

»“ﬂ F
2 i '

tutor to Alexander the Great. Later, he founded his own school, vf _
the Lyceum, where he contributed to nearly every field of human i' \ \yﬁ

knowledge. After Aristotle's death, his treatises on reasoning
were grouped together and came to be known as the Organon.

The word "logic" did not acquire its modern meaning until the second century AD,

but the subject matter of logic was determined by the content of the Organon.

OPENING PROBLEM

Do you think that the following arguments are acceptable?

Wages will increase only if there isinflation. If there isinflation, then the cost of living
will increase. Wages will increase. Therefore, the cost of living will increase.

Confused! Don’t worry! Y our study of logic will help you to decide whether or not this
given argument is acceptable.
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LOGIC

In this sub-unit, you will learn mathematical logic at its elementary level, known as
propositional logic. Propositiona logic is the study of assertive or declarative sentences
which can be said to be either True denoted by T or Fase denoted by F, but not both.
Thevalue T or F that is assigned to a sentence is called the truth value of the sentence.

7l "Statement" and "Open Statement”

We begin this subtopic by identifying whether a given sentence can be said to be True,
False or neither. We define those sentences which can be said to be True or False, but
not both, as statements or propositions. The following Group Work should lead to
the definition. '

Discuss the following issues in groups and justify your answers.
1 What is a sentence?

2 Identify whether the following sentences can be said to be True, False or neither
and give your reasons.

a  Manismortal.

b Welcome

c 2+5=9

d 4+5=9

e God bless you.

f It isimpossible to get medicine for HIV/AIDS.
g  You can get agood grade in mathematics.

h x+6=8

[ King Abba Jifar weighed 60 kg when he was 30 years old.
j X +3<10

k ____isatownin Ethiopia.

I xislessthany.
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From the above group work, you may have identified the following:
v" Sentences which can be said to be true or false (but not both).
v' Sentences with one or more variables or blank spaces.

v Sentences which express hopes or opinions, (as opposed to facts).

Definition 4.1

[ A sentence which can be said to be true or false (but not both) is said to be a
proposition(or statement).

ii A sentence with one or more variables which becomes a statement on replacing
the variable or variables by an individual or individuas is called an open
proposition (or open statement).

iii - Thewords True and False, denoted by T and F respectively, are called truth
values.

From Group Work 4.1 above, you see that
[ a  Manismortal. c 2+5=9 d" 4+5=9
i King AbbaJifar weighed 60 kg when he was 30 years old,
are all propositions.
X+6=8 ] X +3<10 I xislessthany.
___isatownin Ethiopia, areall open propositions.

iii Welcome. f It isimpossible to get medicine for HIV/AIDS.

«Q T X =T

You can get a good grade in mathematics. e  God bless you,

are al neither propositions nor open propositions.

Identify each of the following as a proposition, an open proposition or neither.

a  On his35" birthday, Emperor Tewodros invited 1000 people for dinner.
b Sudanisacountry in Africa
c If x isany real number, thenx* - 1= (x - 1) (x + 1).

d You are agood student.
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e A squareof an even number is even.

—

Ambo isatown in Oromiya.

890 S 980

o «Q

God have mercy on my soul!
xislessthan 9.
] is the study of plants.

k  Forarea number x, x¥*+1<0.

I No woman should die while giving birth.
m  Laws and orders are dynamic.

n Every child has the right to be free of corporal punishment.

YEW] Fundamental Logical Connectivés
(Operators)

Given two or more propositions, you can use connectives to join the sentences. The
fundamental connectives in logic are: or, and; if ... then, if ‘and only if and not.
Under this subtopic, you learn how to form a statement which consists of two or more
component propositions connected by logical connectives or logical operators. In doing
this, you also learn the rules that govern us when communicating through logic. You
will begin with the following Activity.

ACTIVITY 4.1

Consider the following propositions.

Water is anatura resource. (True)

Plants do not need water to grow. (False)

Work is an instrument for national development. (True)

Everyone does not have the right to hold opinions without interference. (False)
Determine the truth value of each of the following:

a  Water isnot anatural resource.

b Plants need water to grow.

c Water is anatura resource and plants need water to grow.

d  Water isanatura resource or plants need water to grow.
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e If water isanatura resource, then plants need water to grow.

f Water isanatura resource, if and only if plants need water to grow.

g  Water isnot anatural resource or work is an instrument for national
development.

h  Work isan instrument for national development, if and only if everyone
does not have the right to hold opinions without interference.

i If water is not anatural resource, then plants need water to grow.

] If everyone has no right to hold opinions without interference, then work
isaninstrument for national development.

To find the truth-value of a statement which is combined by using connectives, you
need rules which give the truth value of the compound statement. You aso need
symbols for connectives and notations for propositions. You  usually represent
propositions by small letters such asp, g, r, S, t, and so on. Now, let p represent one
proposition and g represent another proposition.

Connective NEIME of_the Symbol How to write How to read
connective
not negation - —p The negation of p
and conjunction 1 p [ql pandq
or digunction 1 p Cql porq
If..., then... implication = p=q pimpliesq
If and only if Bi-implication = p<q pif and only if q

Example 2 Let prepresent the proposition: Water is a natural resource.

L et g represent the proposition: Plants need water to grow. Then,

a - prepresents: Water is not a natural resource.
b p [Qlrepresents: Water is a natura resource and plants need water to grow.
c .+ p. Laglrepresents. Water is a natura resource or plants need water to grow.

d p-= g represents. If water is a natural resource, then plants need water to
grow.

e p < grepresents: Water is a natura resource, if and only if plants need
water to grow.
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Now we will see to the rules that govern us in communicating through logic by using
truth tables for each of thelogical operators.

Rule 1 Rule for Negation (“=")
Let p be aproposition.
Then as shown from the table below, its negation is represented by — p.

- pistrue, if and only if p isfalse.

Thisis best explained by the following table called the truth table for negation. :

P -p
T F
F T

Example 3 p: Work isan instrument for national development. (True)
— p: Work is not an instrument for national development. (False)
g: Nairobi is the capital city of Ethiopia. (False)
= g: Nairobi is not the capital city of Ethiopia. (True)

The word “not” denoted by “—" is applied to a single statement and does not connect
two statements, as aresult of this, the name logical operator is appropriate for it.

Rule 2 Rule for Conjunction (*’ ‘[l
When two propositions p and g are joined with the connective "and” (denoted by

p [g), the proposition formed is alogical conjunction. In thiscase p and g are called
the components of the conjunction.

p Lqlistrue, if and only if both p and q aretrue.

To determine the truth value of p [d, we have to know the truth value of the
components p.and q.

The possibilities are as follows:

p trueand q true p falseand g true

p trueand q false p falseand q fase.
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Thisisillustrated by the following truth table.

The truth table for conjunction is given as:

!

p
T T T
T F F
F T F
F F F

Example 4 Consider the following propositions:
p: Work is an instrument for national development. (True)
g: Nairobi isthe capita city of Ethiopia (False)
r: 2<3(True)

a p gt Work isan instrument for national development and Nairobi is the
capital city of Ethiopia. (False)

b p [Cdg: Work isan instrument for national development and Nairobi is not
the capital city of Ethiopia. (True)

c p [l Work isan instrument for national development and 2 < 3. (True)
Rule 3 Rule for Disjunction (“ )l

When two propositions p and g arejoined with the connective "or" (denoted by p [q),
the proposition formed is a logical digunction.

p Cglisfase, if and only if both p and q are false.

To determine the truth value of p [d, we have to know the truth value of the
components p and g. As mentioned earlier, if we have two propositions to be combined,
there are four possbilities of combinations of the truth values of component
propositions.

The truth table for digunction is given as:

!

|||
=T
|||

P
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Example 5 Consider the following propositions
p: Work is an instrument for national development. (True)
g: Nairobi isthe capital city of Ethiopia. (False)
r: 2<3(True)

a p g Work isan instrument for national development or Nairobi is the
capital city of Ethiopia. (True)

b g 1 Nairobi is the capital city of Ethiopiaor 2 < 3. (True)

c g 3 r: Nairobi isthe capita city of Ethiopiaor 2 > 3. (False)
Rule 4 Rule for Implication (“=”"
When two propositions p and g are joined with the connective “implies' (denoted by
p = q) the proposition formed is alogical implication.

p = qisfalse, if and only if p istrue and ¢ isfalse.

Thisisillustrated by the truth table for implication'which is given asfollows:

I

4 p=q
T T T
T F F
F T T
F F T

Example 6 Consider the following propositions:
p: Work is an instrument for national development. (True)
g: Nairabi isthe capital city of Ethiopia (False)
r: 2<3(True)

a /\pl=ug; If work is an instrument for national development, then Nairobi
isthe capital city of Ethiopia. (False)

b g=>1r: If Nairobi is the capital city of Ethiopia, then 2 < 3. (True)
c g= —r: If Narobi isthe capital city of Ethiopia, then2 > 3. (True)
d - = r:If Nairobi is not the capital city of Ethiopia, then 2 < 3. (True)
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Rule 5 Rule for Bi-implication (“if and only if”’)

When two propositions p and g are joined with the connective "bi-implication”
(denoted by p = Q) the proposition formed isalogical bi-implication.

p = qisfalse, if and only if p and g have different truth values.
Thisisillustrated by the truth table for bi—implication which is given asfollows:

-

-
8

o

n| ||
iUl ©
— |7 |7n| -

Example 7 Consider the following propositions
p: Work is an instrument for national development. (True)
g: Nairobi isthe capita city of Ethiopia. (False)
r: 2<3(True)

a p < q Work isan instrument for national development, if and only if
Nairobi is the capital city of Ethiopia. (False)

b g = r: Narobi isthe capital city of Ethiopia, if and only if 2 < 3. (False)
c g <= — r: Nairobi isthe capital city of Ethiopia, if and only if 2 > 3. (True)
d —( < r: Nairobi is not the capital city of Ethiopia, if and only if 2 < 3. (True)

Giventhat p: Manis morta.
g: Botany isthe study of plants.
r: 6 isaprime number.

Determine the truth values of each of the following.

a plq d - p [ql g -pldq
b (pLg=r e - (p ) h  -—=pl3dq
c (pQ = -r f - (p ) i p<dq
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Compound Statements

So far, you have defined statements and logical connectives (or logical operators) and
you have seen the rules that go with the logical connectives. Now you are going to give
aname for statements formed from two or more component propositions by using
logical operators. Each “sentence” a - i in Exercise 4.2 is a statement formed by using

Oone or more connectives.

Definition 4.2
A statement formed by joining two or more statements by a connective (or

connectives) is called acompound statement.

Example 8 Consider the following statements:
p: 3 divides 81. (True)
g: Khartoum is the capital city of Kenya. - (False)

r: A square of an even number is even. (True)
22 . N
S = isan irrational number. (False)

Determine the truth value of each of the following:

a (pLg=( L9 b (-p g [{Ls)
c (P)- (@09 d (r [ L{P =h)
Solution:
a  p [glhastruthvalueF, r Cshastruthvalue T, thus (p [q) = (r [S) has
truth value T.

b (= p Q) hastruth value F,-and hence (- p [q) C (r S} hastruth value F.
c (p ) hastruth value T, (g [S) has truth value F and hence

(p L) = (g [S)hastruthvaueF.
d (r ) hastruthvalue T and (p (3 q) hastruth value T, hence

(r CS) (b =3 q) hastruth valueT.

Example 9 Letp,q,r havetruthvalues T, F, T, respectively. Determine the truth
value of each of the following.

a - plql b —-pldq c (pLCg=r
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Solution:
a  Sincep hastruth value T, then — p hastruth value F.
= p hastruth value F and q aso has truth value F.
Thus = p [glhas truth value F by the rule of logical disjunction.
b From (a) - p hastruth value F.
g hastruth value F, and hence ~q has truth value T.
Thus— p r —q hastruth value F by the rule of conjunction.
C Since p hastruth value T and g has truth value F.
p Cglhastruth value T by therule of digunction,
Sincer hastruthvalue T, (p [q) = r hastruth value T by the rule of implication.

Example 10 Let p and g be any two propositions. Construct one truth teble for each of
the following pairs of compound proposition and compare their truth

values.
a p=q,-pLqg C p=q,"q==p
b = (plg),-plHq d p=d,q=p

Solution We construct the truth table as follows:

a

T | T F T T
T | F F F F
F | T T T T
F | F T T T

Observe that bothp—= qand —p [ g have the same truth values.

b
p\q\-p -q pCq -(pl__of)\-pElq
T| T | F|F T F F
T|F | F|T T F F
F| T | T | F T F F
F|F | T | T F T T

Observe that both— (p [q) and— p [3 q have the same truth values.
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F T T
T F F
F T T
T T T

||

—| 4|77

q
-
F
T
F
=3

3

Observe that both p
d

g and - g= - p havethe same truth values.

=
T T
F T
F
=

T
T

| m| |

-
=
.
=

Observe that p= gqand g = pdo not have the same truth table. As you have seen

from Example 10, some compound propositions have the same truth values for each
assignment of the truth values of component propositions. Such pairs of compound
propositions are called equivalent propositions. We use the symbol “=" in-between
the two propositions to mean they are equivalent.

Thus, from observation of the tables for Example 10, we have:
a pPp=0g=-plq c pPp=q=~gq==p
b -(pg)=-pLdq d p = qand q = p are not equivalent.

1 Let p, g, r havetruthvalues T, F, T respectively, then determine the truth value of
each of the following:

a —(pLCg b (=plLg=r c (pLg=r

d (pLg=-r e (pLg =T
2  Given p: The sun rises due Eadt.

g: 5islessthan 2.

r: Pigeons are birds.

S Laws and orders are dynamic.
t: Lake Tanais found in Ethiopia.
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Express each of the following compound propositions in good English and
determine the truth value of each.

a plLd b pLd c (pld=q
d (L3rn--q e p=>@rLg f p = (q L)
g s=>t h Set i s [1]

3 Construct the truth table for each of the following compound statements.
a p=(pP=09 b p=-(p L[
c (p=09 < (-p L9 d (pLg - (pLI
4 Supposethetruth vaueof p= qisT.
What can be said about the truth value of (p [Cq) = (p [Q)?
5 Suppose thetruthvalueof p = qisT.
Wheat can be said about the truth values of

a pe=—Qq? b —pe=q? c -—pe-Qq?
YSW] Properties and Laws of Logical
Connectives

Under this subtopic, you are going to see some of the properties of logical connectives
and discuss commutative, associative and distributive properties in the sense of
equivalence and also see other properties known as De Morgan's Laws. The following
Activity will help you to have more understanding of these properties.

ACTIVITY 4.2

Construct truth tables for each of the following pairs of compound
propositions and check whether the given pairs are equivalent or not. _

=

a plgqlpl b pLCgqlCp

¢ pL{@Co(pLg L d p L o), (p Cg) Crl

e p (D), (p Cg) C(P CL) f p (@ Cx), (p Cq) C(p L)
g -pE=Eag,~(plg) h -pX=Eaq, - (pLg)
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From the above activity, you should have observed that the following properties hold
true.

1 Conjunction is commutative; that means for any propositions p and g, we have
pLg=qLlp

2 Digjunctionis commutative; that means for any propositions p and g, we have
pLgi=qlpa

3 Conjunction is associative; that means for any propositionsp, q and r, we have
(p [g) LrE p (4 [1)

4 Digjunction is associative; that means for any propositions p, g and r, we have

(p [Q) [rE p [(4 [X)

5 Conjunction is distributive over disjunction; that means for any propostions p,
g and r, we have

(p La) [rE (p LX) [L{g [1)
p [{a ) = (p [q) Lp L)

6 Disjunction is distributive over conjunction; that means for any propostions p,
g and r, we have

(p [g) LrE (p LO) LG [T)
p L{d [r) = (p [q) Lp L)

7 Y ou have also seen that
—p [=Hg = —(p [q)
~p 5= ~(p [9)

These two properties are called De Morgan’s Laws.

4.1.5 Co_n‘ﬂifadictif_bh and Tautology

Begin this subsection by doing the follbwi ng Group Work.

Complete the truth table for each of the following compound
propositions in the following tables and discuss the results.

a (p=0q)-(plag b (p=0a) - (p[30)
c (pLQ - (p[H0)
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a
T T
T F
F T
F F

[ From the above truth table, what did you observe about the truth val ues of
(pP=0) = (-p Lg?
ii Is the last column aways true?

iii  Isthelast column dways false?

b
T T
T F
F T
F F

[ From the above truth table, what did you observe about the truth val ues of
(p=0a) = (p[H0)?
ii Is the last column a ways true?

iii  Isthelast column dways false?

Cc
T T
T F
F T
F F

i From the above truth table what did you observe about the truth val ues of

(p L) = (p CH0)?
i Isthe last column dways true?
iii  Isthelast column dways fase?
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The following definition refers to the observations made in Group Work 4.2 above:

Definition 4.3

a A compound proposition is a tautology, if and only if for every assignment of
truth values to the component propositions occurring in it, the compound
proposition aways has truth value T.

b A compound proposition is a contradiction, if and only if for every
assignment of truth values to the component propositions occurring in it, the
compound proposition always has truth value F.

Note that in the above group work (c) is neither a tautology nor a contradiction.

Determine whether each of the following compound propositions is a tautology, a
contradiction or neither.

a (pLg - (@ P
(P=0) = (-q=-p)

[p C@ [O)] = [(p L) C1)

[P @ LO] = [-(p L) =3 1]

[p @ [O)] =[-(p Cg) L3 (p O
[-p @ [O] = [(p Cg) C(p L]
(=p Haq) = (p @)

(=p [=q) = —=(p L)

Converse'and Contrapositive

Mathematical statements (or assertions) are usually given in the form of a conditional
statement p = g." You will now examine such conditional statements.

ACTIVITY 4.3

Consider the following statements.

- O© QO O T

0o «Q

p: A child has the right to be free from corporal punishment.
g: The sun rises due north.

Write the following in good English.
a p=q b g=p cC  -Qg=-p
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You may recall from Example 10that p=q=-gq=-pandp=q % q=p.

Now you will learn the name of these relations in the following definition.

Definition 4.4
Given aconditional statement p = q
a g=piscaled theconverseof p=gq

b - q= -piscaled the contrapositve of p = Q.

c In p=q, pissaid to be a hypothesis or sufficient condition for ¢; g issaid to
be the conclusion or necessary condition for p.

Consider the following:
p: A quadrilateral isasquare.
g: A quadrilateral is arectangle.

Write the following conditional statements.in good English and determine the
truth values of each.

a p=¢q b g=p C -g=-p

a If aquadrilateral isasquare, thenit isarectangle. (True)
b If aquadrilateral isarectangle, then it isasguare. (False)
c If aquadrilateral isnot arectangle, thenit isnot asquare. (True)

Often mathematical statements (or theorems) are given in the form of conditional
statements. To prove such statements you can assume that the hypothesis is true and
show that the conclusion is aso true. But if this approach becomes difficult, you might
use a kind of proof caled “proof by contrapositive”. You can appreciate this method
of proof if you compare the conditional statement

p = q with its contrapositive =q = - p.
The following example illustrates this.
Prove the following assertions.
a If anatura number k is odd, then its square is also odd.
b If anatura number k is even, then its square is also even.

¢ Ifkisanatura number and k? is even, then k is even.
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Proof:

a  First you identify the hypothesis and the conclusion.

Hypothesis p: kisan odd natura number.

Conclusion g: K is odd.

The statement isin the form of p = @.

Now kisodd implies that k = 2n — 1, for some natural number n.
=kK=@2n-12=4n"-4n+1=2(@2n°-2n+1)-1.
= k?=2m-1, wherem=2n?—2n + 1 isanatura number.
= K is odd.

Therefore, the assertion is proved.

b Hypothesis p: kis an even natural number.
Conclusion g: K is even.

The statement isin the form of p = @.

Now kisevenimpliesthat k = 2n for same natural number n.
=KX= (2n)?=4n*=2 (2n9)
= k¥ = 2m, where m= 2n?is also a natural number.
= k% iseven.

Therefore, the assertion is proved.

c  Hypothesis p: kisnatural number and K is even.
Conclusion g: kis even.

The statement isin the form of p = @.

Y ou may use proof by contrapositive.

Assume that k is not even; that is— g istrue.

k is not even impliesthat k is odd.
= K2 isodd, by (a)
= - pistrue
= pisfalse

This contradicts the given hypothesis and hence the assumption that k is not even isfalse.

Therefore, k must be even.
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1 Construct the truth table of the following and compare the truth values of each:

a =(p=09 b -p=-q c pAq
Which oneisequivdentto - (p= q)?

2 For each of the following conditional statements, give the converse and
contrapositive.

a If 2> 3, then 6isprime.
b If Ethiopiaisin Asia, then Sudanisin Africa
c If Ethiopia were in Europe, then life would be smpler.

Prove that, if k is a natural number such that k?is odd, then k is odd.

4.1.7 | Quantifiers

Open statements can be converted into statements by replacing the variable (s) by an
individua entity. In this section, you are going to see how open statements can be
converted into statements by using quantifiers.

ACTIVITY 4.4

Consider the following open statements.

P(X): x + 5=7; wherex isanatural number.
Q(X): % = 0; where x is areal number.
Can you determine the truth value of the following?
a  Thereisanatura number x suchthat x +5=7.
b For all natural numbersx, x+5=7.
c Thereis areal number x for which »? = 0.
d  For every real number x, X% = 0.

You use the symbol 3 for the phrase “there is” or “there exists” and call it an
existential quantifier; you use the symbol v for the phrase “for all" or "“for every" or
"for each” and cdl'it.a universal quantifier.
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Thus, you can rewrite the above statements a to d as follows using the symbols and read
them asfollows:

a (IX)P(x) = thereissome natural number which satisfies property P.
Or thereisat least one natural number which satisfies property P.

b (XYP(X) = all natural numbers satisfy property P.
Or every natural number satisfies property P.
Or each natural number satisfies property P.

c (IX)Q(X) = thereissome real number which satisfies property Q.

d (XYQ(X) = every real number satisfies property Q.

Actualy, when we attach quantifiers to open propositions, they are no longer open
propositions. For example, (IX)JP(x) is true, if there is'some individud in the given
universe which satisfies property P; it becomes false if thereis no such individual in the
universe which satisfies property P. Likewise, ( [X).P(x)is true, if all individualsin the
universe satisfy property P; it becomes false if there is at least one individua in the
universe which does not satisfy property P. That means, (IX)JP(x) and ([x)IP(X) have

got truth values and they become propositions.
Let S={2,4,5,6,8, 10} and P(x): x isamultiple of 2 where x [S.
Determine the truth values of the following.

a (BJPKX) b (BYP(X)

a (IXJP(x) istrue, since 8 satisfies property P. [Are there other elements of S
which satisfy property P?]

b (XYP(x) isfalse, since 5 does not satisfy property P.

|_Exercise4.6 |

Determine the truth value of each of the following assuming that the universe is the set
of real numbers.

a (X} @x-3=-2x+1) b (X) (C+x+1=0)
c (X (¢+x+1>0) d (X (¢+x+1<0)
e (XU(¥>0) f (XU (¢ +x+1#0)

g (XY (4x-3=-2x+1)
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Relations between quantifiers

Given a proposition, it is obvious that its negation is also a proposition. This leads to the
question:

What is the form of the negation of ([x)JP(x) and the form of the negation of
([X)P(x)?

Let P(x) be an open statement.

Discuss the following: When do you say that
1 (IXJP (x)istrue? 2 ( X)IP(x) istrue?
3 (IXJP (x)isfalse? 4 (X)YP(x) isfalse?
From the above Group Work you should be able to summarize the following:
The proposition ( [xX)P(x) will be false only if we canfind anindividua “a” such that
P(a) isfalse, which means ( X)-P(x) istrue. If wesucceed in getting such an
individua “ a@”, then ( X)P(x) isfalse. Therefore, the negation of ( [X)P(x) becomes
(X)=P(x) . In symbols, thisis

~(DXJP(x) = (DJ-P(X)
To find the symbolic form of the negation of (XJIP(x) , proceed as follows. ( XJP(x)is
falseif thereisno individua “a” for which P(a) istrue.

Thusfor every x, P(x)isfalse, which meansfor every X, the negation of P(x)istrue.
Therefore, the negation of ([X)IP(x) becomes( [x)+P(x) . In symbols, thisis

~(BJP(x) = (D)HP(X)
Example 14 Give the negation of each of the following statements and determine the
truth values of each assuming that the universeis the set of al real
numbers.

a (XI(¢<0) b (IxXJ(2x-1=0)
Solution
a. o (B¢ <0) = (1= (¢ <0)= (41X 20)
(X} (¢ <0)isfalse; and ( CX)(X*=0) istrue,
b S (BI2x-1=0)= (X)-(2x-1=0)= (XJ(2x-1#£0)
([XX(2x -1 = 0) isfalse; and ([X)(2x - 1 # 0) istrue.
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1 Give the negation of each of the following statements and determine the truth
values for each, assuming that the universe is the set of rea numbers.

a (IX) (4x-3=-2x+1) b (X)(¢+1=0)
c  (XPE¢+1>0) d (X1 (x* < 0)
e (X)) (E+x+1=0)

2 LetU={1,2,3,4,5} beagiven universe.
P(x): x is an even number

H(X): x isamultiple of 2
R(x): x is an odd prime number

Q(X): x<5.

Determine the truth value of each of the following

a (BDJPKX) b (BJ(PK) [CH(X)

c (DY (PK) = HX) d  (BP(RX) = P(X)

e - [(PK) = HK)]  F (DX0QK g (MRX

Quantifiers occurring in .combinations

Under this subtopic, you are going to see how to convert an open statement involving
two variables into a statement. It involves the use of two quantifiers together or one of
the quantifiers twice. To begin with the following Activity may help you.

ACTIVITY 4.5

Answer the following questions: | ="

For each natural number, can you find a natural number that is greater than it?
For each natural number, can you find a natural number that is less than it?
For each integer, can you find an integer that is lessthanit?

Given an integer x, can you find an integer y such that x + y =0?

o A W N B

Isthere an integer x for every integer y such that:
a x+y=y? b x+y=x?
Observe that each question in the above Activity involves two variables and hence you

need either one quantifier twice or the two quantifiers together to covert the open
statementsinto statements.
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Suppose you have an open proposition involving two variables, say
P(x,y): x+y=5,wherexand y are natural numbers.

This open proposition can be changed to a proposition either by replacing both variables
by certain numbers explicitly or by using quantifiers. To use quantifiers, either you have
to use one of the quantifier twice or both quantifiers in combination. So it is important
to know how to read and write such quantifiers. The following will give you plenty of
practice!

(IX)(Ly)P(x, y) =Thereis some x and somey <o that property P is satisfied.

This statement is true if one can succeed in finding one individua x and one individua y
which satisfy property P.

(IX)(Ly)P(x,y) =Thereis some x so that property P is satisfied for every y.
=There is some x which stands for al y so that property P is satisfied.

This statement is true, if one can succeed in finding one individual x for which property
P is satisfied by every value of y.

(Ex)(Ly)P(x, y) =For every x there is somey so that property P is satisfied.
=Given x we can find y so that property P is satisfied.

This statement is true if one can succeed in finding one individual y corresponding to a
given x so that property P is satisfied.

(IX)(Ly)P(x,y) =For every x and every y property P issatisfied.

This statement is false if one can succeed in finding an individua x or an individual y
which does not satisfy property P.

Thus, if we apply thisfor the open statement:
P(x,y): x+y=5, wherex and y are natural numbers, we have.

(IX)(Ly)P(x, y) , has truth value T. (You can take x =1and y =4)
(IX)(Ly)P(x,Y), hastruth value F.

(EX)(Ly)P(x, y), hastruth value F, since if x is given to be 6, for example, we
cannot find anatural number y so that 6 + y =5.

(X)(Ly)P(X,y), hastruth value F.
But if we change the universe from natural numbers to integers as:
P(x,y): x+y=5, wherex and y areintegers, then
(IX)(Ly)P(x,y) , hastruth value T.
(IX)(Ly)P(x, ¥), hastruth value F.
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(B LAP(X,y), hastruth value T, since given x we can takey = 5—x which is
aso an integer, and satisfies P.

(L) P(X,Y), hastruth vaue F.

| Exercise4.8 |

1 Given Q(x, y): x=yand H(x, y): x>y, determine the truth value of each of the
following assuming the universe to be the set of natural numbers.

a (DA R(xY) b (DAULYH (X y) c (DR y)
d (IR0, y) e ()(YH(xY) f (DIH (x, )
g  (DAUDH (x,y)

2 Given P(x, y):y=x+5; Q(X, y): x =y and H(X, y): X > y; determine the truth
value of each of the following, if the universeis the set of real numbers.

a (D (LaP(xy) b (B (LYIP(x y) ¢ (VX)(vy)P(xy)
d  (DI(DIP(xy) e (DIAO(xY) f (BHYH(xy)
g (BADR(xY) h o (DE0(x, Y) I (DDYH (X, Y)
J (BIIH(xy)

ARGUMENTS AND VALIDITY

The most important part of mathematical logic asa system of logic is to provide the
rules of inferences which play a centra role in the general theory of the principle of
reasoning. We are concerned here with a problem of decision, whether a certain chain of
reasoning will be accepted as correct or incorrect on the basis of its form. By a chain of
reasoning we mean a finite sequence of statements of which the last statement in the
sequence, called the conclusion may beinferred from the initial set of statements called
premises. The theory of inference may be applied to test the validity of an argument in
everyday life.

ACTIVITY 4.6

1 What can be concluded about q, if pistrueand p = qistrue?
2 If pand p [Cglhave truth values T, what can be concluded about q’7_
3 If pand p [Cglhave truth values T, what can be said about q?

As you have seen from the above Activity, in order to come to the conclusion of the truth
values of g, you evauate the truth values of certain conditions called hypotheses or
premises. Then you can find the truth value of another statement called the conclusion.
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For example, in Activity 4.6 Question 2 given that p hastruth value T and p [qlhas truth
value T, you are asked to find the truth value of g. Actualy, one can see from the rule
for conjunction g must has truth value T, this is known as logical deduction, or
argument form.

Definition 4.5

A logical deduction (argument form) is an assertion that a given set of statements
P1, Po,..., Py, cadled hypotheses or premises yield another statement Q, called the
conclusion. Such alogical deduction is denoted by:

Pl’ PZ,---,Pn |_Q Or

}_\-U

Q|50 -

Example 1 We can write the logical deduction in Activity 4.6 Question 2 as.

p, p L }q o p
p gl

q

An argument form is accepted to be either correct or incorrect (accepted or rejected) or
valid or invalid (fallacy).

When do we say that an‘argument is valid or invalid?

Definition 4.6

An argument form Py, Py, ..., Py | Qissaid to be valid if Q istrue, whenever all the
premise Py, Py, ..., Py, aretrue; otherwiseit isinvalid.

Example 2  Invedigate the validity of the following argument forms.

a -pp=9lqg
Solution Now for the argument to be vaid, we assume al the premisesto be true
and show that the conclusion is also true; otherwise it is invalid.

1 p istrue----------- premise
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2 p = qistrue------ premise

Therefore, g must be truefrom 1, 2 and rule for " =".
Therefore, the argument formp, p = q |—q isvalid.

Y ou can use truth table to test validity as follows:

The premises p and p = ¢ are true ssmultaneoudly in row 1 only. Since in this
case q is aso true, the argument is valid.
b If you study hard, then you will pass the exam. Y ou did not pass the exam.

Therefore, you did not study hard.
Solution:
Let p: you study hard.
g: you will pass the exam.
= p: you did not study hard.
= (: you did not pass the exam.
The argument form for b is, therefore written as,

pP=q
¢
-p
Thus to check the validity, you have the following reasoning:
1 - qistrue ~s-z------7 premise
2  gisfase-------m-mm--- using (1)
3 . p= qistrue---------- premise
4 p isfalse from (2) and (3), and rule of “="
5 - p istrue from (4)

Therefore, the argument form is valid.

Alternatively, 'you can use the following truth table, to decide whether the
argument isvalid or not.
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The premises p = g and — g are true simultaneoudly in row 4 only. Since in this
case - p isalso true, the argument isvalid.

c p=>qg-q=r|p
Solution use the following truth table:

T | T T F T T
T | T F F T T
T F T T F T
T F F T F F
F | T T F T T
F | T F F T T
F F T T T T
F F F T T F

The premisesp = @, - q = r are true in the 1%, 2™, 5™ 6" and 7" rows, but the
conclusion p isfalsein the 5™, 6 and 7*" rows.

Therefore, the argument form isinvalid.

Note that we can show whether an argument form is valid or invalid by two methods as
illustrated by Example 2 above: Oneis by using atruth table and the other is without
using atruth table. The proof provided without using atruth table, just by a sequence of
reasoning, is called aformal proof.

|_Exercise4.9 |

1 Decide whether each of the following argument formsisvalid or invalid.
a -p=0q4dfp b p=-0pr=qf-r
cC p=>Q ~r=-ql-r=-pd p=qqflp
e pLa,pklg

2 For the following argument forms given in (1) and (1) below:

a Identify the premises and the conclusion.
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b Use appropriate symbols to represent the statements in the argument.
Write the argument forms using symbols.
Check the validity.

I If the rain does not come, then the crops are ruined and the people will
sarve. The crops are not ruined or the people will not starve.

Therefore, the rain comes.

Il If the team is late, then it cannot play the game. If the referee is here,
then the team can play the game. The team is late.

Therefore, the referee is not here.

Rules of inferences

You have seen how to test the validity of arguments by using truth tables and formal
proof. But in practice, testing the validity of an argument using a truth table becomes
more difficult as the number of component statements increases. Therefore, in such
cases, we are forced to use the formal proof. The formal proof regarding the validity of
an argument relies on logical rules caled rules of inferences. A formal proof consists
of a sequence of finite statements comprising the premises and the consequence of the
premises called the conclusion. The presence of each statement must be justified by a
rule of inferences. It is obvious that we repeatedly apply these rules to justify the proof
of complex arguments. Below are a few examples of some of these rules together with
their classica names.

P
1 Modes Ponens P=0Q
Q
—Q
2 Modes Tollens P=0Q
-P
P=0Q
3 Principle of Syllogism Q=R
P=R
P
4 Principle of adjunction a Q b P
PLQ P LA
5 Principle of detachment E
P, Q
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6

7

8

- P
Modes Tollendo ponens P [Q
Q
P-Q
Principle of equivalence P
Q
- L P
Principle of conditioning
Q=P

Let us see an example to illustrate how to use the rules of inferencesin testing validity.

Give aforma proof of the validity of the argument givenbelow.
PLQ, (P[R)=S}PLS

Proof:
1 PLQ, hastruthvaueT.............. premise.
2 (PLR)= S, hastruthvalueT ...... premise
3 P hastruthvalueT ............ principle of detachment from (1).
4 P [ R, hastruthvalue T..... principle of adjunction (b) from (3)
5 ShastruthvaueT.......... Modes Ponens from (2) and (4).

6 P L[S hastruthvalueT....Principle of adjunction (a) from (3) and (5).

Therefore, the argument form P LQ, (P.LCR)= S | P [ Sisvalid.
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Exercise 4.10 |

Use the rules of inferences to test the validity of each of the following argument
forms.

a P=Q,R=>P,RFQ b =PL[-Q,(QLR=P}R
c P=-QP,R=QF-R d =PL-Q,(-Q=>R) =P }-R
Given an argument form:

If a person stays up late tonight, then he/she will be dull tomorrow. If he/she does
not stay up late tonight, then he/she will feel that life is not worth living.
Therefore, either the person will be dull tomorrow or will feel that lifeis not
worth living.

a Identify the premises and the conclusion.

b Use gppropriate symbols to represent the statements in the argument.
c Write the argument form using symbols.

d Check the validity using rules of inferences.



Unit 4 Mathematical Reasoning

Sl Key Terme

arguments logical connectives (or logical
operators)

compound proposition open proposition (or open statement)

contra positive of a conditional proposition (or statement)

statement

contradiction quantifiers; both existential and
universal

converse of a conditional statement rules of inferences

equivalent compound propositions tautology

invalid arguments valid arguments

10

Mathematical reasoning isatool to organize evidence in a systematic way
through mathematical logic.

A sentence which has atruth value is said to be a proposition (or statement).
A sentence with one or more variables which becomes a statement on replacing
the variable(s) by individual (s) is called an open proposition (or open
statement).

The usual connectivesinlogic are: or, and, not, if.... then and if and only if.

A statement formed by joining two or more statements by a connective (or
connectives) is called acompound statement.

A compound statement is atautology, if and only if for every assignment of truth
values to the component propositions occurring in it, the compound proposition
aways hastruth value T. Itisacontradiction, if the compound proposition
aways hastruth value F.

We use the symbols ["ahd [ fdr the phrase “there is”, (existential quantifier)
and for the phrase “for all”, (universal quantifier) respectively.

A logical deduction (argument form) is an assertion that a given set of statements
P1, Pa2,.., Py called hypotheses or premises, yield another statement Q , called the
conclusion.

To decide whether an argument isvalid or invalid, we use a truth table or formal
proof.

The formal proof regarding the validity of an argument relies on logical rules
called rules of inferences.
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[il] Review Exercises on Unit 4

Which of the following compound propositions are tautologies, contradictions or
neither.

a (p= —q =0 b (-p @)= (p =)
c [(p=al®=n]<[p=@[M] d (p=09 - -~(-q=-p)
Given P(): vx2 = |X;

Q():x-1=3;

R(X, ): x+y=0

T, y):x+ty=y
Determine the truth value of each of the following, assuming that the universe is
the set of real numbers.

a (BJP(x) b (BJP() ¢ (IQ(X
d  (BIQ(x) e (DIDIR(X, y) f (BI(IR(X )
9 (B(OIR(x, y) h (DP(OIT(x,y) 0 (BDAT(x, y)

Check the validity of each of the following arguments.
a —pE @ = pl-r b p=(qrd -rp |qg

c If Mathematics is a good subject, then it is worth learning. Either the
grading system is not fair or Mathematics is not worth learning. But the
grading system isfair. Therefore, Mathematics is not a good subject.





